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PREDICTION OF DURABILITY OF BLBMENTS AND AUTOHATIC
SYSTEMS WITH VECTORIAL ‘
DETERMINING PABRAMETERS

*UESR«

[Following 1s the transiation of an article
by G.V. Druszhinin (Mescow) in JIxvestiya Akas-
demii Nouk 33SB., Otdelenive Tekbnichoskikh
Nauk, Energetiks 4 Avtomatika (News of the

Acadenmy of Sclences USSR, Technical Seiencea
Section, Power Production and Automstion),
Ho 3, Mescow, 186k, paga@zlﬂﬁ~x7ﬁa

Durability means the ability of elements and systems
to remain in perfect order during storvage or ospavration,
- Statigtical studies of durability deal with randon change
processes in determining elemeant parameters as a result of
wear or deterioration (refersneces 1,3), The cited papers
asgune that each element is characterized by a single
deternining parameter, There are cases, however, whon a
system or eloment is aharaatwrimmd'byraaveral deternining
parvametore {(a vectorldl determining parameter), It thus
becomes necessary Lo deal with veotorial random processes
¢f change in the determining parameters and statistical
bounds ¢ elements, The purpose of the present article :
is to predict systems and element durability en.the busis
of the state of elements at the present time,

L. Charscteristios of vectortal deterninine paro-
Beters and statistical beounds of sloments, Any study of
durability is ainost always sonneoted with the extrapola-
tion of determining parameters and statistieal bounds,
At the same iine, the possibility of neasuring determining
parameter and statisticel bound values is extremely limited.
This makes it necessary to eaploy approximate methods of
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predicting elemsnt and systema durabliity., It iz very
convenient to approximate vecterial determining paraneters
by means of linear vectorial rafidom time functions with
components of tie torm

“ (z)—»A,,-{* .(V——-i‘z o o ) (1 1)..

Here &y is the random dnitial value of the v-th
component H (t) of the vestorisl random function E(t);
B, is thé random mean (with .respect to time) rato of
change of the Y~th component of H(t). ' ‘

The formulas giving the mathematical expepgtations,
digpersions, and correlative functions of the vectorial
'~ linear rendom function: H(i) _components are analogous to
the correuponding formulas. for the scalar ‘1inear random
function (reference 1), The nutual corrclative tunetionﬂ
ot the vectorial linear randon funation h&n the torm

nvn,* (t { ) = ka,n ’f (t + t )ka,,bp. -+ lt' vb‘,, (‘ 2)

Setting V= =0 in formula (1,2), we obtain the
formula for the correlative function of the grth component -
of H(t), while for y = W and ¢ = t' we have the fornula
for the dispersion of this conponant, :

Making use of linear veetorial random functions,
it 18 possible to characterige the vectorial determining
parameters with a relatively small nunber of comnstznt’
numerical characteristica; this gimpiifies considerzbly
the study of element and systems durability, In additiea
to this, the use of the indicated fumctions makes it possibXe -
to extrapolate the random change processens in the determin-
ing parameters and statimtical bounds of elements on the
basis of the minimum number of crosa-sections for these
processes (two), In ealculating the characteristics’ of
. 1inear random functioms on the basis of the- numerical
oharacteristics of. two erogs-sections of these functions,
each raalization is replased with a rectilinear seeant;
there is a statistical linearization at the actual randemn
process,

“The nornally di&tr&butad vectorial linear random
. function is fully charascterized by the following constant .
nunurical characteristics; the mathematical ‘expectations:
for the initiai values of the components.m, , My saeed
the mathematical expectiations of the rates . 3 ot change
of the compoments uﬁi’ mbz‘?" and the central second~order
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fhe introduetion of sdditional sssumrptions makes
poasible a considerable reduction im the number of npumerieal
eharactaristics degoribing the iinear vectorial random func-
tion H{t). o

Uping theorens on the punerical charscteristics of
rendom quantities, it is possible to derive formulas for
finding the pumericsml charscteristies of a linear vectorial
verndom function on the basis# of the numerical characteristics
of two cross-assctions of thia function. The nathenatical
expectations of the initial valuas and rates of change of
vectorial iinear random fumction B({) compenenits are GX=

pressed by the formulas ‘ :

“H‘lﬂ"‘ﬂq{ - ‘immti+” ‘
P = , : (4.3
by 8 L

g, e et N ¢

In formulds €1,3) and (1,4} B, . ie the matbematical
expectation of the V-ih component € = 1,2,,00sh) 0f the
. yectorial linear rendom function #(t> in the i~th cross-

section, o S
The coupling moments of the initial values

kﬁv“p T {;;;;“:: f;f! {F H'i%k‘ﬂviﬂm e Bl dy ik“"ii‘{'ﬁﬁl-f + kﬁwipcv;.‘.,n) -
-+ tﬂﬁkﬂwu@.g}“y‘{?-pl:ﬁ} BN L PO er By (1.5}

In formula (1.3) By ey is ia the coupling
Y i

moment of ereosa-gection £, . of the y~th component of the
linear random function Hﬁ%} and the orcss-geotion t, of
the ~th cowponent of the same random function, Tge rest
of the definitions are read off accordingly. I1f in foraulsa
(1,5) we et V=4, we have a formula for the dispersion
of the initial wvalus of the =~th compsnent of the linear
veotorial random functien H{t). :

. The coupling moments of the rates of change of the
vectorial linear random funatlon components are :
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“i ‘ ,q,“ m V‘n,(wmpqwu kﬂv(l-ﬂ)‘"pi k"vi"MH'l) + k“**"ln _
:“::\"x:_' ‘.‘ e . , (\‘,lﬁ.:ﬂi 2. .,h). . R . - . (1;6)

. For ~>==ylv we obtain a toruula; for i:im diopcraion
Oy = k&»hv of the Veth ecmpouant. :

‘ _ The coupling. nonants of the initiul vclues ot -the
T ~th. components of the Rinear vectoriasl random fuactiocn
.H(t) with the rates of change of the h~th components of
this !nnction .can be dotermined :rom the !ornulz

R ”“}' e , ___4 .
Kap, = ﬁ;:zﬁﬁﬂn+$W”MHﬂ*_&kW&HWNHM R
- == by Bnpmal R =120 0B S (1)

with vectoriai determining par:natcrs. &t & nbmont of time
 t, an element is characterized by a system of randon quan=
tities !1&, Hzi...., nhi‘ L-t us denote the mutually in-

dependent critiecal parameter values, at whieh the olonent '
is considered cut of order (permissible linits) by o
Wys Whreees “bh’ Then the probability G, that the element

will be in working order at a moment of time tg is ¢Qna1
to the probability of the simpltaneous fulfillment of the

120(}11311‘&10. in > ‘/311 EM"&" "%""KM? '-Dhn ’.Q‘-s
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where :1(7\ 1T\ greres?| ) is the probﬁility density of the
randou vactor H; with eonpononts Exi. i""'nhi »

" In practice 1% is diffioult to expect that the
vocterial deterniniyg parameter of an element will hxve more
than thres components. This fact is engendered by msthmus-
tiosl difficulties and the. fact that elenonts are uauelly
quite adoquatoly characterized by a vectorial randon func-
tion with a small numbar of oonponentn.;ﬁ,_

in & number of praetical problems the eoapononts o
,a.nornally distributod voctorial randon proccat E(t) are so




werkly correlsted that they can be congidered uncoupled
and conseguently indepsndent, FThen integral (2.1) disinteg-
rates into the integral produst

o

G = Gl . . . Gy = Sf.si (n:) fhhg fas (npddme . - S Ing () dnn (2.2}

Aby oy by

where mlicnxl),.‘.,fhicﬁlh) are the noruval di&tribut;un

1aws for the cumponents of the random wveeior Hi

- ~~..M_.1.. e | (';D-.._ m"nui - | e
fu (qﬂ:’ = Sy .‘/:&‘ erp 1' 259;?“‘" J . (2:3)

In formula (2,3), mﬂf i the mean value of the
%
™ ~th determining perametler of an element at momeni of

tine ti;ﬁﬁ);is the mean=-square deviztion of the Veth
. o

determining parameter at moment of tinme ti‘
With normal distribution laws £, 39)s formula (2,2)
can be writton in the form : :

G=[p-O @] [F—@ una}] | (2.4)
vhere By Py
iy == "‘""""”’"“"?}
Yiyg
while - £ g i a Gaussdian functlion.
D (u.:) rmg exp |~ ~§-]clfz' S
Ll z' .

The probability density for the duration that the
element is in working order #,,(t) is the rate of change of
probability 1»61 that the element iz out of order

. d’(}{ : ey [
Fal8) oty ==~ 757 teny (2.6)
for a vectorial determining paraneter with 1ndegen?
dent components ' ’ '
e aiy 46 N
Foo () Jmty = [7?? Goo o Crt GGGy Gr o+ GGy Gy _Lu:f 2.7

Since 1t is usually the cass that Tor elements with
rathoer short terms of service the values of 81”"“ Gh




differ little from unity,

S e . : '
0= = BT, | 2.8)

ysing formule (2,8) it is possible, in principle,
to obtain an analytic expression for the distributien law
for the time that the element is . in good working order,
In the general case, however, this expression would be
extremely unwieldy. In praoficg, the density of the proba-
bility of the time that the element iz in good working
order is conveniently ecalculated by means of the mean value

t% on each of the intervals (tg, t,,,). In accordance with
( .8) . . . ) e - :

) ~ vl v (141} ‘ 2.9 :
t‘N\%x Lipy— b - ( )

_ For the-npimally distribufed vectorial déturm;ning
parameter, formula (2.8) is conveniently expressed by means
of the Gaussian fuunction : ' .

h

.ftﬁ"«z

o=} ,

O (U —Dluy)

= (2.10)
. where u, is determined in accordance with (2,8).

, Thus, the approximate prediction on the basis of a
minimum nuamber of elenent parameter: measurements of the
distribution law £€{t) fori.the time that the element ig. im .-
working order for an element with & normally distributed
vectorial determining vector having independent components,
1t is necessary: o I

a) to use measurcments &f the realizations of the
vectorial determining parameter components of similar ele=~
ments at two moments of time ti and t,,q to calculate the

Astgtistieal.numerical'charaqteriatzaa; nean values, disper—
sions, and eorrelative cross—section monents;

) using the resultant data to find by means of
formulas (1,3)=-(1,7) the charscteristics m, (t) and Oy, (8
of the vectorial linear random runationlﬂ(tga '
‘ ¢) to make use of formulas (2,5) aand (2,10) to find
the values of £,  for various time intervals (t,, t;,3).

The calcﬁlgted'ﬁalues.oi fi‘aré employed to comstruct &




histegram which is smoothed out by a continuous curve.
2} The calculation of the durabiiity of_ gystems

with vectorial eloment and axstems:deterﬁining paraneters,
2 sufficiently simple solution to the problen amenable to '
use in various enginesring applications can be obtained ‘
only in the case of independent vectorial determining. para«
meter components for elenents and systens, it is then possi-
ble to use ideas suggested in (referente 3) for scalar de-
termining parameters, , ' ‘

~in systems with & relatively emall number of elements,
it is convenilent to leok upon the vectorial determining para=
neter of o system W(t) as a function of vectorial determin-
ing parsmeters of elements‘ﬁl(t),..., Hy(t)., At a fixed
moment of time t, the randon vector'ﬁi is @& function of
n random vectors Hy- , each of which has sevelal conponents.
The linearimation of the dependencs ' '

- Wy = q’r(Hniv o v oy Hats Hoio o o - r“szi; co o Haggo oo us anyi (31) .

by expansion in 2 Taylor series and the elimination of
211 terms of higher than the first erder, we find the
approzimate values for the mathematical expectatidns of
vector ¥, components by means of the formula

my,, = @, (fn,,m, c e Pl gh Pl - o o Plogi « o o 5 Plnggye + « o mﬂ#ﬂ) (3.2)_‘

in formulas (3,13 and (3.2) By4bDyavasy 2 is the num=
per of components of each of the random vectors H;;,Ha;,
""ﬁni‘ the conponents of the random vector ﬂi are indica-~
ted by the index r = 1,2,6s0¢ N

‘With uncorrelated vecitorial randon processes
B, (t) (L = 1,2,0¢0.:8) having uncorrelated components,
the dispersions of the random vector W, components will be

n v
" ' f ,:"qy - ' v
'3"")3, = :ZJ" 2" { —NL\ : S"’Zvi“‘ . (3“'&)
Pl w=il MR T . .
Yt
y =th component of ithe random vector H; i & 1i# the nunber
of components of each of +the random vectors H,.. When

Hxi""’gni are scalar randem quatities, ﬁormuia (3,3)

Iin formula (3,3)° i the dispersgion of the

n ’ e H .
AL ; y
Guly = 2 ’\“”'"W Gy’ G




Having calculated the values ofmmwf and G;?‘for
: *

two moments of time tg and €44y 3t is possible to use
the formulns given in the last seotion to find the mean
probability density for the time during ghich the element
ie in working orcer over the interval (byotge1)de .

Assuming that the independent_oomponents of the
vectorial linear random_iunation’W(t) are uniform and have
mean-giurare deviations o o

Gy 5= 75 (Gwri‘i— wa(i—i-li)) = const

4t is possible to f£ind the entire distribution law fof the
tine the system is in working order in a rough approxima-=
tion, A more precise c&lgulation»ai tke law of distribution

£(t) requires that we f£ind the_eharacteristics mwr(t)
and G (t) of the conponents of the vectorial linear random

functign w{t), To caloulate these chaxacteristics by means
of the formulas found in reference 1, it is necessary to
know the coupling moment of the random quantities W,y =and
Wp(s+1)e The formuia for the latter may bhe obtalned by gub=~
stituting into the correlative moment formula values of ’
the dependence (3,1) linearized by expansion 1in a Taylor
series. After the transformations we have

n v o N .
fol ) : a9 )
g === W] .....—ar-—- .._—.L \ g T
Fiygoy ) = 2 2 ( o, (‘0% o Ronstitagir ) (3.0}

n
o b1 ovasl § Toli Nyl {i-+1)

in formula <3'5} kﬁvHYL¢&%§ is theAGQupling mnoment

of the values for the y~th component of the deternining
parameter of the (~th element in the j=th and (4+1}~th
eroas~-sections. . o : , :

The calculation of wri,a“d Wr(i+'} with essentially
non=~linear dependences (3.,1) can he carried out by methods
described in reference 3.

‘ The caloulation of the durability of a comnplex
systen accor&ing~to_statiatica; element boundaries with
vectorial determining parameters is in many ways anslogous
to the corresponding asleulation with scalsr element deter=~
mining parameters (reterence 3}, The dlfference consists
4n the fact that the case upder consideration involves the

eandon vector Z, related To momont of time t; with components

Zvi = Hvi""‘ by (36)




y————

in fornula (3,5) Hy is +he vaiue of the v=th
component of the deternining parameter of the alement
at time t;, and (. is the valne ©f the same component
of the vectovial statistical bound of this elenant, With
normal distributien laws and ancorvslated random vector
components Hy and {vy, the mean srobablility density of the
time during whieh the slemant is in working order aver the
period (t;,%541), in mocordance with formulas (2,10) and
(3.6), w111 he :

® gy = P Uy

" iod gty (3"7)
wm g e H
D pr 1‘ ., C . ’
Wharﬁi§§%gglis a Gaussian function and
TRy :
Pk hicT L
Thyg === '~--’~—::-_~:x::~:::.?:5.—: {3.8) .

T 0
¥ B s - ] .

in formulas (8.7) and (3,82, By and m, . are the

mathomatical expsctations ol +he valuss of the y-th
components of the detornining parameter and the statisticnl
bound at time 43075 . snd 7, . are the measm-square deviations

of these guantities from thelir mathematical expeciations.

In order te find the distribution law £{t) for the
time during which the eloment is ian working ovder, 1%t is
nocesaary to determine fren fornuias {1,3)={1,7) the numeri-
esl characteristicn which determine the dependences my (£},
mtﬁit),ﬁﬁx(t), ang Ta(t). Then formalas (3.7) and {3.83 are

uged to find the ﬁi values for each interval which are amoothed
. out by a contlaudus LGUIVE.
Taking into condlderation scoryrelations batween the
. componants of randon vecstors ﬂi and m} congiderably compli-
cates the procsss of calculatiag systens durability on the
baeis of statizticsl element bounds with vaectorial deter~
mining paranaiars, .

feselived 14 Cotoher 1850
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